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Abstract We answer an open question on planar non-hamiltonian bihomogeneously
traceable digraphs without opposite arcs by constructing an infinite family of such
graphs.
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We shall consider in this paper only oriented graphs, i.e. digraphs without opposite
arcs (cycles of length 2), calling them here just graphs. Z. Skupien introduced the
notion of homogeneous traceability. A graph is said to be homogeneously traceable
if every vertex is the initial point of a hamiltonian path. If, moreover, every vertex
is also the endpoint of some hamiltonian path, the graph is called bihomogeneously
traceable.

Obviously, each hamiltonian (or hypohamiltonian) graph is bihomogeneously
traceable. But not every homogeneously traceable graph is hamiltonian [1]. Not
even bihomogeneous traceability implies hamiltonicity. At a meeting in Kalamazoo
(in 1980) Z. Skupieni [5] proved that for each natural number n > 7 there exists a
2-diregular bihomogeneously traceable non-hamiltonian graph of order n ([5] appeared
in 1981). Moreover, Skupien [6] later constructed exponentially many n-vertex biho-
mogeneously traceable graphs.

Independently, in another paper which also appeared in 1981, S. Hahn and
T. Zamfirescu [4] also constructed an infinite sequence of bihomogeneously traceable
non-hamiltonian graphs, and gave three special examples: the first is arc-minimal
(has the smallest possible number of arcs) and has 7 vertices, the second is planar
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Fig. 1 The smallest planar non-hamiltonian bihomogeneously traceable graph

and has 8 vertices, and the third is both arc-minimal and planar, and has 9 vertices.
Arc-minimality amounts in this context to 2-diregularity. The planar graph on 8 ver-
tices is shown here in Fig. 1. It is proven in [4] that there are no smaller examples.
Then, Hahn and Zamfirescu asked the natural question whether infinitely many planar
bihomogeneously traceable non-hamiltonian graphs do exist.

In this paper we show that, indeed, there exist infinitely many such graphs.

If opposite arcs are permitted, infinite families of planar hypohamiltonian digraphs
have been found long ago (see Fouquet and Jolivet [2], Thomassen [7], Grétschel and
Wakabayashi [3]). Thomassen proved that a planar hypohamiltonian digraph with n
vertices (and many opposite arcs, all but six) exists for each n > 6.

Theorem There exists an infinite family of planar non-hamiltonian bihomogeneously
traceable graphs.

Proof The proof has three parts. First, we consider the infinite sequence {G};2 ; of
planar graphs depicted in Fig. 3. Secondly, we determine an infinite subsequence the
graphs of which are non-hamiltonian. The last step will be proving that these graphs
are all bihomogeneously traceable.

As seen in Figs. 2 and 3, which show G and Gy, respectively, each graph G, has
the property that its vertex set is covered by two vertex-disjoint (directed) cycles ¢’
and ¢”. The cycle ¢’ has length 3n + 3 (it is the boundary of the big central face) and
¢” has length 3n + 12 (it would become the boundary of the unbounded face, if the
three edges ab, bc, ca were removed).

Obviously, G, has 6n + 15 vertices.

We will now focus on determining which graphs in this family are non-hamiltonian.
Suppose G, has a hamiltonian cycle H. We use for this proof the notation from Fig. 3.
First, let us prove the following.

Claim Neither ab, nor bc, nor ca lies in H.
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Fig. 2 The graph G

Fig. 3 The graph G4

Indeed, since all three edges do not simultaneously belong to H, if we assume the
claim not to be true, then we must have bccy C H (or caay C H or abby C H).
Continuing with the path bccy in H, we distinguish between two cases:

Case A We go from c to ¢’;, a vertex adjacent to c. Then we must visit the 6-valent

point f. Now, if we go to ¢» then ficpcs C H and f cannot be reached; if we go
from f to fi then ¢’3¢’2 f{ C H and we cannot leave from f| anymore.
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Case B From c| we continue to ¢;. Thus ¢’3¢’| f C H. Obviously the paths ccjca
and ¢’>¢’1 f must continue in a unique way (ccica...bybje and ¢'2¢’y ff1 fa...€he]e)
and fatally meet at e.

Hence, the Claim is proved and it follows that a)ajaajay Ub,b bb1by Uc'2c’ 1ccica
C H.For H we have two possibilities to exit ax:

Case 1 We go from a> to a3. In this case, azas ¢ H. Indeed, if we go from a3 to a4,
we cannot continue to dp because we would lose d;. Similarly, we are forced to go via
asasag .. .c'1ccy ... bbby .. .aja, butlose all vertices of ¢'.

Hence, from a3 we must go to d; and continue (we are forced to) thus:
azdidydzasasaedy . . . There are three subcases to be distinguished:

Subcase 1.1. n = 1 modulo 3.

Then the path continues as . .. c'3¢2 f{, which contradicts ¢’>¢’y C H.
Subcase 1.2. n = 2 modulo 3. Then the path continues as

a3 fy f fehciceicacs fi fa faca . . . bbibabsereresby . . . didabd)a,
thus concluding the hamiltonian cycle H.

Subcase 1.3. n = 0 modulo 3.

Then the path continues as

o csclafify fic'sclac icerea ffi facses .. bieleses by bible),

which contradicts b,b] C H.

Case 2 We go from a to d. From there, we cannot go to aé and therefore ardd, C H.
Hence ajaja; C H.A symmetry with respect to the vertical line through a and a rever-
sal of edge orientations transforms G, into itself and H into a hamiltonian cycle H’,

and places us in the situation that ajazas C H', i.e. Casel.

Consequently, G, is hamiltonian precisely for n = 2 modulo 3. Let us consider
G :={G, : n = 1 mod. 3}. All graphs in G are non-hamiltonian and the second step
of our proof is completed.

In the third step we will now show that each graph of G is bihomogeneously trace-
able. Consider an arbitrary graph G,, € G. The previously used symmetry implies
that, if G is homogeneously traceable, then it is also bihomogeneously traceable. In
fact, G, is isomorphic to the graph obtained from G, by reversing the direction of all
of its arcs.

Let us now show that G, € G is homogeneously traceable. We do this by pro-
viding hamiltonian paths starting at each vertex. There are several different cases;
by symmetry, it suffices to analyze the cases a, a;, alf ,d, d; and a’i’ . Let this starting
vertex be v.

For all cases except v = aj and v = ap, a hamiltonian path starting at v is easily
constructed as follows. For v € ¢, go along ¢” (never leaving it) up to the vertex, say
u, that is the predecessor of v in ¢, then move from u to a vertex of ¢’ and continue
along ¢’ visiting all its vertices. For v € ¢’ the proof is analogous. The Figs.4 and 5
illustrate the remaining cases, i.e. show hamiltonian paths starting at a; or ap (with
d=dy=dj k>4andm > 1).
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Fig. 4 The graph G4 with a hamiltonian path starting in a;

Fig. 5 The graph G4 with a hamiltonian path starting in ap
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Case ay: ajay...c'1cabbibieeibybsbserezesbsbs . .. dyd\asasaiddid, . .. f| fe
c2 3 f1f2f3cacs ... Dibe)

Case ay: azazdidydiasasasds . .. c'3¢'y f] fficacsca fa f3 facs . . . ehe| bibyblebiby
byejezesby . .. asabd dayajabeeic’y

We have finished the proof by providing an infinite family G of graphs fulfilling all
requirements in the statement. O
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